WIKIPEDIA
Rotation group SO(3)

In mechanics and geometry, the 3D rotation group, often denoted SO(3), is the group of all rotations about the origin of three-dimensional Euclidean spaceR3 under the operation of compositionm By

definition, a rotation about the origin is a transformation that preserves the origin, Euclidean distance (so it is an isometry), and orientation (i.e. handedness of space). Every non-trivial rotation is
determined by its axis of rotation (a line through the origin) and its angle of rotation. Composing two rotations results in another rotation; every rotation has a unique inverse rotation; and the identity
map satisfies the definition of a rotation. Owing to the above properties (along with the associative property, which rotations obey), the set of all rotations is a group under composition. It is a
noncommutative/nonabeliangroup. Moreover, the rotation group has a natural structure as a manifold for which the group operations are smooth; so it is in fact a Lie group. It is compact and has

dimension 3.

Rotations are linear transformations of R® and can therefore be represented by matrices once a basis of R? has been chosen. Specifically, if we choose an orthonormal basis of R3, every rotation is
described by an orthogonal 3x3 matrix (i.e. a 3x3 matrix with real entries which, when multiplied by its transpose, results in the identity matrix) with determinant 1. The group SO(3) can therefore be

identified with the group of these matrices undematrix multiplication These matrices are known as "special orthogonal matrices", explaining the notation SO(3).

The group SO(3) is used to describe the possible rotational symmetries of an object, as well as the possible orientations of an object in space. Its representations are important in physics, where they give

rise to the elementary particlesof integer spin.
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Length and angle

Besides just preserving length, rotations also preserve the angles between vectors. This follows from the fact that the standard dot product between two vectors u and v can be written purely in terms of

length:
u-v =g (lu+v|® [l [Iv]*).

It follows that any length-preserving transformation in R® preserves the dot product, and thus the angle between vectors. Rotations are often defined as linear transformations that preserve the inner

product on R3, which is equivalent to requiring them to preserve length. Seelassical group for a treatment of this more general approach, wher&O(3) appears as a special case.

Orthogonal and rotation matrices

Every rotation maps anorthonormal basisof R3 to another orthonormal basis. Like any linear transformation of finite-dimensional vector spaces, a rotation can always be represented by a matrix. Let R
be a given rotation. With respect to thestandard basis eq,e,e3 of R the columns of R are given by (Req, Re,, Re3). Since the standard basis is orthonormal, and since R preserves angles and length,
the columns of R form another orthonormal basis. This orthonormality condition can be expressed in the form

R"TR=RR" =1,

where RT denotes the transpose of R and I is the 3 X 3 identity matrix. Matrices for which this property holds are called orthogonal matrices. The group of all 3 X 3 orthogonal matrices is denoted

O(3), and consists of all proper and improper rotations.

In addition to preserving length, proper rotations must also preserve orientation. A matrix will preserve or reverse orientation according to whether the determinant of the matrix is positive or negative.
For an orthogonal matrix R, note that det RT = detR implies (det R)? = 1, so that det R = +1. The subgroup of orthogonal matrices with determinant +1 is called the special orthogonal group,
denoted SO(3).

Thus every rotation can be represented uniquely by an orthogonal matrix with unit determinant. Moreover, since composition of rotations corresponds to matrix multiplication, the rotation group is
isomorphic to the special orthogonal groupSO(3).

Improper rotations correspond to orthogonal matrices with determinant 1, and they do not form a group because the product of two improper rotations is a proper rotation.


https://en.wikipedia.org/wiki/Classical_mechanics
https://en.wikipedia.org/wiki/Geometry
https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Rotation
https://en.wikipedia.org/wiki/Origin_(mathematics)
https://en.wikipedia.org/wiki/Three-dimensional_space
https://en.wikipedia.org/wiki/Euclidean_space
https://en.wikipedia.org/wiki/Function_composition
https://en.wikipedia.org/wiki/Euclidean_distance
https://en.wikipedia.org/wiki/Isometry
https://en.wikipedia.org/wiki/Orientation_(vector_space)
https://en.wikipedia.org/wiki/Inverse_function
https://en.wikipedia.org/wiki/Identity_map
https://en.wikipedia.org/wiki/Associative_property
https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Manifold
https://en.wikipedia.org/wiki/Smooth_function
https://en.wikipedia.org/wiki/Lie_group
https://en.wikipedia.org/wiki/Compact_space
https://en.wikipedia.org/wiki/Linear_transformation
https://en.wikipedia.org/wiki/Matrix_(mathematics)
https://en.wikipedia.org/wiki/Basis_of_a_vector_space
https://en.wikipedia.org/wiki/Orthonormal_basis
https://en.wikipedia.org/wiki/Orthogonal_matrix
https://en.wikipedia.org/wiki/Transpose
https://en.wikipedia.org/wiki/Identity_matrix
https://en.wikipedia.org/wiki/Determinant
https://en.wikipedia.org/wiki/Matrix_multiplication
https://en.wikipedia.org/wiki/Group_representation
https://en.wikipedia.org/wiki/Elementary_particle
https://en.wikipedia.org/wiki/Spin_(physics)
https://en.wikipedia.org/wiki/Angle
https://en.wikipedia.org/wiki/Dot_product
https://en.wikipedia.org/wiki/Classical_group
https://en.wikipedia.org/wiki/Orthonormal_basis
https://en.wikipedia.org/wiki/Finite-dimensional
https://en.wikipedia.org/wiki/Matrix_(mathematics)
https://en.wikipedia.org/wiki/Standard_basis
https://en.wikipedia.org/wiki/Transpose
https://en.wikipedia.org/wiki/Identity_matrix
https://en.wikipedia.org/wiki/Orthogonal_matrix
https://en.wikipedia.org/wiki/Determinant
https://en.wikipedia.org/wiki/Subgroup
https://en.wikipedia.org/wiki/Orthogonal_group
https://en.wikipedia.org/wiki/Matrix_multiplication
https://en.wikipedia.org/wiki/Isomorphic

Group structure

The rotation group is a group under function composition (or equivalently the product of linear transformations). It is a subgroup of the general linear group consisting of all invertible linear
transformations of thereal 3-space RrRA

Furthermore, the rotation group is nonabelian. That is, the order in which rotations are composed makes a difference. For example, a quarter turn around the positive x-axis followed by a quarter turn

around the positivey-axis is a different rotation than the one obtained ly first rotating aroundy and then x.

The orthogonal group, consisting of all proper and improper rotations, is generated by reflections. Every proper rotation is the composition of two reflections, a special case of the Cartan—Dieudonné

theorem.

Axis of rotation

Every nontrivial proper rotation in 3 dimensions fixes a unique 1-dimensional linear subspace of R? which is called the axis of rotation (this is Euler's rotation theorem). Each such rotation acts as an
ordinary 2-dimensional rotation in the plane orthogonal to this axis. Since every 2-dimensional rotation can be represented by an angle ¢, an arbitrary 3-dimensional rotation can be specified by an axis
of rotation together with an angle of rotation about this axis. (Technically, one needs to specify an orientation for the axis and whether the rotation is taken to be clockwise or counterclockwise with

respect to this orientation).

For example, counterclockwise rotation about the positive-axis by angle ¢ is given by

cosp —sinp 0
R,(p)=|sing cosp O0].
0 0 1

Given aunit vectorn in R? and an angle ¢, letR(g, n) represent a counterclockwise rotation about the axis throughn (with orientation determined byn). Then

= R(0,n) is the identity transformation for anyn
* R(e.n) =R(-¢,-n)
= R(m+@,n) =R(m-9,-n).

Using these properties one can show that any rotation can be represented by a unique angle ¢ in the range 0 < ¢ < mand a unit vectosuch that
= nis arbitrary if = 0

= nisuniqueif0<@<m
= nis unique up to asign if @ = 1t (that is, the rotationsR(t, +n) are identical).

In the next section, this representation of rotations is used to identify SO(3) topologically with three-dimensional real projective space.

Topology

The Lie group SO(3) isdiffeomorphicto the real projective spaceRP3.[3]

Consider the solid ball in R® of radius 7 (that is, all points of R of distance 1t or less from the origin). Given the above, for every point in this ball there is a rotation, with axis through the point and the
origin, and rotation angle equal to the distance of the point from the origin. The identity rotation correspondsto the point at the center of the ball. Rotation through angles between 0 and —n correspond to
the point on the same axis and distance from the origin but on the opposite side of the origin. The one remaining issue is that the two rotations through n and through —m are the same. So we identify (or

"glue together")antipodal pointson the surface of the ball. After this identification, we arrive at #opological spacehomeomorphicto the rotation group.

Indeed, the ball with antipodal surface points identified is a smooth manifold and this manifold is diffeomorphic to the rotation group. It is also diffeomorphic to the real 3-dimensional projective space

RP3, 50 the latter can also serve as a topological model for the rotation group.

These identifications illustrate that SO(3) is connected but not simply connected. As to the latter, in the ball with antipodal surface points identified, consider the path running from the "north pole"
straight through the interior down to the south pole. This is a closed loop, since the north pole and the south pole are identified. This loop cannot be shrunk to a point, since no matter how you deform the
loop, the start and end point have to remain antipodal, or else the loop will "break open". In terms of rotations, this loop represents a continuous sequence of rotations about the z-axis starting and ending

at the identity rotation (i.e. a series of rotation through an angle ¢ where ¢ runs from 0 ).

Surprisingly; if you run through the path twice, i.e., run from north pole down to south pole, jump back to the north pole (using the fact that north and south poles are identified), and then again run from
north pole down to south pole, so that ¢ runs from 0 to 4m, you get a closed loop which can be shrunk to a single point: first move the paths continuously to the ball's surface, still connecting north pole
to south pole twice. The second half of the path can then be mirrored over to the antipodal side without changing the path at all. Now we have an ordinary closed loop on the surface of the ball,
connecting the north pole to itself along a great circle. This circle can be shrunk to the north pole without problems. TBalinese plate trickand similar tricks demonstrate this practically

The same argument can be performed in general, and it shows that the fundamental groupof SO(3) is cyclic group of order 2. In physics applications, the non-triviality of the fundamental group allows

for the existence of objects known asspinors, and is an important tool in the development of thepin-statistics theorem

The universal coverof SO(3) is a Lie group called Spin(3). The group Spin(3) is isomorphic to the special unitary group SU(2); it is also diffeomorphic to the unit 3-sphere $> and can be understood as
the group of versors (quaternions with absolute value 1). The connection between quaternions and rotations, commonly exploited in computer graphics is explained in quaternions and spatial rotations.
The map from S* onto SO(3) that identifies antipodal points of S° is a surjective homomorphism of Lie groups, with kernel {+1}. Topologically, this map is a two-to-one covering map. (See the plate
trick.)

Connection between SO(3) and SU(2)

The general reference for this section is Gelfand, Minlos & Shapiro (1963). (For an alternative construction, see Section 1.4 of Hall (2015).) The points P on the sphere

S={(x,y,z) € R3: x2 + y2 +22= %} can, barring the north pole N, be put into one-to-one bijection with points S(P) = P~ on the plane M defined by z = —%, see figure. The map S is called

stereographic projection

Let the coordinates onM be (&, 17). The line L passing through N and P can be parametrized as

L(t) = N+ ¢(N — P) = (0,0,1/2) + ((0,0,1/2) — (z,9,2)), tcR.

Demanding that thez-coordinate of L(%p) equals *%, one findstp = - We have L(to) = (§,7, —1/2). Hence the map

=3
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z 5:8 = M; P— P

N is given by
Z Yy .
(z1yaz)'_)(§a77)= 1 177 =(=¢+1n,
Tl z 2 z
X where, for later convenience, the planeM is identified with the complex planeC.

For the inverse, writeL as

P L=N+s(P-N)= (o,o, %) +s ((g,n,—%) - (o,o,%)),

and demandx? + y2 +72= 1 to finds = % and thus
4 1+& +n

P

Stereographic projection from the sphere of radius
% from the north pole(x, y, z) = (0, O, %) onto the
plane M given by z = f% coordinatized by (&, 1),
here shown in cross section.

— 2 2
§ST:M=S PP (£,n)'—>(w,y,z)=( £ : 1+5+n)_

1+8 47" 1+ +777 2428 + 29

If g € SO(3) is a rotation, then it will take points on S to points on S by its standard action ITg(g) on the embedding space R3. By composing this action with S one obtains a transformation
S o Tlg) > S of M,

(=P — P — I(@P=gP — S8(gP)=I(g9)¢=("
Thus IT,,(g) is a transformation of C associated to the transformation[I4(g) of RS,

It turns out that g € SO(3) represented in this way by IT,(g) can be expressed as a matrix I1,,(g) € SU(2) (where the notation is recycled to use the same name for the matrix as for the

transformation of C it represents). T identify this matrix, consider first a rotatioryw about the z-axis through an angle,

z' = zcosp — ysin,
Y =xsing + ycosp,
2=z

Hence

; 0

oo 2 + iy _ e (z + iy) _ e er(+0
1 1 i’
27 2 % 0C+e T

which, unsurprisingly is a rotation in the complex plane. In an analogous wayif gg is a rotation about thex-axis through and angle6, then

. y+iz
w = ew, w="—,
E-(B

which, after a little algebra, becomes

0 . -0
cos 3¢ +isin 5
isin%{+cos%

!

These two rotations,gw, Jp. thus correspond tobilinear transformsof R2=C = M, namely, they are examples ofMébius transformations
A general Mobius transformation is given by

¢ = al+f

The rotations, 9> Jo generate all of SO(3) and the composition rules of the Mébius transformations show that any composition of 9> 90 translates to the corresponding composition of M&bius

transformations. The Mobius transformations can be represented by matrices
a B
( 7 5 ) ) ad — By=1,
since a common factor ofa, f3, y, & cancels.

For the same reason, the matrix is not uniquely defined since multiplication by —I has no effect on either the determinant or the Mébius transformation. The composition law of Mébius transformations

follow that of the corresponding matrices. The conclusion is that each Mébius transformation corresponds to two matriags —g € SL(2, C).

Using this correspondence one may write
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cosp —sinp 0 i % 0
e
II,(gp) =TI, || sinp cosp O] ==+ Y |
[\ o 0 1 0 e
L 0 0 cos g ¢ sin g
IT,(ge) =1L, 0 cosf —sind =+ 5 .
0 sinf cosf tSimy  COSy

These matrices are unitary and thus[1,(SO(3)) C SU(2) C SL(2, C). In terms of Euler angled™ 1] one finds for a general rotation

cosp —sinp 0 1 0 0 cosyp —siny 0
9(0,0,%) = 9o969y = | sinp cosep 0 0 cosf —sinf singp cosyp O
0 0 1 0 sinf cosé 0 0 1

cospcosty —cosfsinpsiny —cosysiny —cosfsinpcosy singsind
= | singpcosy + cosfcospsiny —sinpsiny + cosfcospcosy —cosypsing |,

sin 1 sin 6 cosPsinf cos @
one has!¥!
P 9 . . 0 .Y
T 12—
e 2 0 cos 5 781 0 e 2 0

M. (g9(p,6,9)) =+ ;e ( . [] ¥

0 ez ising cosg 0 e iz

N and LY
cos %e’ 2 isin %e’ 2

N .o+

§—

. .0 — —
z 2 —= 2
’LSID26 COS28

For the converse, consider a general matrix

[a%
+II, (ga,ﬁ) == (

Make the substitutions

cos§—|a|, s1ng=|ﬂ|, (0<0<m),
pr+y _ Yv—¢ _
5 —arga, 5 —argh

@

With the substitutions, H(ga’ ﬂ) assumes the form of the right hand side (RHS) of (2), which corresponds under IT;, to a matrix on the form of the RHS of (1) with the same @, 6, . In terms of the

complex parametersd, [3,
Ha?—Ft+a— ) L(-c?-F+a+f) -—af-ap
9s= | 3@ - -2 +B) 3(@+B+2+F) —i(+af—ap)
aB+ap i(—aB +ap) aa — BB

To verify this, substitute for. 3 the elements of the matrix on the RHS of2). After some manipulation, the matrix assumes the form of the RHS ofl).

It is clear from the explicit form in terms of Euler angles that the map p:SU(2) — SO(3);I1,(+g4p) & 8qp just described is a smooth, 2:1 and onto group homomorphism It is hence an explicit

description of theuniversal covering mapof SO(3) from the universal covering groupSU(2).

Quaternions of unit norm

SU(2) is isomorphic to thequaternions of unit norm via a map given by

a

q=a1+bi+cj+dk=a+jﬂ<—>[g __’B]=U, geH, a,bec,deR, a,BeC,

This means that there is a2:1 homomorphism from quaternions of unit norm tdSO(3). Concretely, a unit quaternion,q, with

qg=w+ir+jy+kz,
1=w?+a%+4% + 22,

is mapped to the rotation matrix

1-292 —222 2xy— 22w 2z + 2yw
Q=| 2zy+2z2w 1-222-222 2yz—2zw
2z2 — 2yw 2yz+2zw 1 — 222 — 22

U € SU(2). Bl

This is a rotation around the vector (X,y,z) by an angle 26, where cos 8 = w and |sin 60| = ||(x,y,2)||. The proper sign for sin 8 is implied, once the signs of the axis components are fixed. The

2:1-nature is apparent since bothq and —q map to the same Q.
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Lie algebra

Associated with every Lie group is its Lie algebra, a linear space of the same dimension as the Lie group, closed under a bilinear alternating product called the Lie bracket. The Lie algebra of SO(3) is
denoted by s0(3) and consists of all skew-symmetric3 X 3 matrices.®] This may be seen by differentiating the orthogonality condition ATA = I, A € SO(3).I"° 2l The Lie bracket of two elements
of 50(3) is, as for the Lie algebra of every matrix group, given by the matrix commutator, [A{, Ap] = A;A; — AAq, which is again a skew-symmetric matrix. The Lie algebra bracket captures the

essence of the Lie group product in a sense made precise by th®aker—Campbell-Hausdorf formula.

The elements of s0(3) are the "infinitesimal generators" of rotations, i.e. they are the elements of the tangent space of the manifold SO(3) at the identity element. If R(¢, n) denotes a counterclockwise

rotation with angle ¢ about the axis specified by the unit vecton, then
d
16 R(p,n)z=nx=z
? lg—0

for every vectorx in R®.

This can be used to show that the Lie algebra s0(3) (with commutator) is isomorphic to the Lie algebra R3 (with cross product). Under this isomorphism, an Euler vector w € R3 corresponds to the

linear map@ defined by &(#) = w X @.
In more detail, a most often suitable basis fos0(3) as a 3-dimensional vector space is

00 0 0 0
Ly=|0o 0o -1], Ly=1| o0

1 0
0|, L= |1
01 0 -1 0 0

0
0
The commutation relationsof these basis elements are,

[anLy] =Lza [Lzny] =Lya [LyaLz] = Ly
which agree with the relations of the threestandard unit vectorsof R® under the cross product.
As announced above, one can identify any matrix in this Lie algebra with an Euler vector iR3,!]

— ( ) c R3
w=\Z,¥,2 ’
0 —=2 vy

W=w+L=xLly+yLly+2L,=| 2 0 —z| €s0(3).

-y =z 0

This identification is sometimes called thehat-map.[s] Under this identification, theso(3) bracket corresponds inR3 to the cross product,
o~ ~ "
[, V] = axXv.
The matrix identified with a vector has the property that
av=uxv,

where ordinary matrix multiplication is implied on the left hand side. This implies that is in the null space of the skew-symmetric matrix with which it is identified, becaustt X u = 0.

A note on Lie algebra

In Lie algebra representation the group SO(3) is compact and simple of rank 1, and so it has a single independent Casimir element, a quadratic invariant function of the three generators which commutes

with all of them. The Killing form for the rotation group is just thironecker delta and so this Casimir invariant is simply the sum of the squares of the generators]z, Jy, J, of the algebra
[Jany] =Jza [Jz,Jx] =Jy’ [Jy’Jz] = Jx.

That is, the Casimir invariant is given by
P=J IJ=J}+J}+J} 1.

For unitary irreducible representations [, the eigenvalues of this invariant are real and discrete, and characterize each representation, which is finite dimensional, of dimensionality 2j+1. That is, the

eigenvalues of this Casimir operator are

2 _ .
J*=—j(i+1) Ljn ,
where j is integer or half-integer and referred to as thespin or angular momentum

So, above, the 3x3 generators L displayed act on the triplet (spin 1) representation, while the 2x2 ones (&) act on the doublet (spin-%%) representation. By taking Kronecker products of D2 with itself
repeatedly, one may construct all higher irreducible representations . That is, the resulting generators for higher spin systems in three spatial dimensions, for arbitrarily large j, can be calculated using

these spin operatorsand ladder operators
For every unitary irreducible representationd) there is an equivalent one,D ™’ ~1_ Al infinite-dimensional irreducible representations must be non-unitaryince the group is compact.

In quantum mechanics, the Casimir invariant is the "angularmomentum-squared" operator; integer values of spin j characterize bosonic representations while half-integer values fermionic
representations, respectively. The antihermitian matrices used above are utilized as spin operators, after they are multiplied by i, so they are now hermitian (like the Pauli matrices). Thus, in this

language,

s Ty = ida,  [Jaydi] =iy,  [Jy,Ja] =i
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and hence
2 e
J* =5 +1) Iy -
Explicit expressions for theseD/ are,

(Jz"'))ba =(j+1—a) b

; 1

(7). = 5 Gbass +0bi20)y /G + D(a+b—1) —ab
, 1 -

(JyJ))ba = 52 (Bar 5,,+1,a)\/(3 +1)(a+b—1)—ab

1<a,b<2j+1,

for arbitrary j.

For example, the resulting spin matrices for spin 1, spirg, and g are:

Forj=1
1 010
Jy=—]|1 0 1
V2 010
y — 2 —1
V2 0o <« 0
10 O
J.=10 0 O
0 0 -1

(Note, however, how these are in an equivalent, but diferent basis than the abovei Ls.)

Forj=3:
0 v3 0 0
L_L]vE 0o 2 0
2l 0 2 o V3
\o 0 +v3 0
0 —iv3 0 0
L_1lwE 0 -2 o
Y72 o 2i 0 —iv3
\o 0 i3 0
30 0 0
1lo1 0o o
=310 0 21 o
\o 0 0 -3



0O v5 0 0 0 0
VB 0 22 0 0 0
L-1lo 22 0 3 0 o
2l o o 3 0 2v2 0
0 0 0 22 0 5
\o 0 0 0 B 0
0 -i/E 0 0 0 0
WE 0 —2iv2 0 0 0
Jy=l 0 22 0 —3i 0 0
2 o o 3 0 -2ivZ 0
0 0 0 2vZ 0 —iVB
0 0 0 0 /B 0
500 0 0 0
0300 0 0
solloor o 0 of
2o 00 -1 0 o
00 0 3 0
000 0 0 -5
and so on.

Isomorphism with su(2)

The Lie algebrasso(3) and su(2) are isomorphic. One basis forsu(2) is given byl]

1[0 —i 1[0 -1 1[5 0
t:— t:— t:_ .
1 2[—1 0]’ 2 2[1 0]’ 8 2[0 z]

These are related to thePauli matricesby t; < %Gi' The Pauli matrices abide the physicist convention for Lie algebras. In that convention, Lie algebra elements are multiplied by i, the exponential map
(below) is defined with an extra factor of I in the exponent and the structure constantsremain the same, but the definition of them acquires a factor of i. Likewise, commutation relations acquire a factor

of i. The commutation relations for thet; are
[ti, t;] = €ijrt,

where £y is the totally anti-symmetric symbol with €173 = 1. The isomorphism between s0(3) and su(2) can be set up in several ways. For later convenience, $0(3) and su(2) are identified by

mapping
L, «t, Ly+t, L,ts,

and extending by linearity

Exponential map

The exponential map forSO(3), is, since SO(3) is a matrix Lie group, defined using the standardnatrix exponentialseries,

1

k __ 1 42
GAC =T+ A+ A o

exp: 50(3) — SO(3); A et = Z
k=0

For any skew-symmetric matrixA € so(3), eAis always in SO(3). The level of difficulty of proof depends on how a matrix group Lie algebra is defined. Hall (2003) defines the Lie algebra as the set
of matricesA € M,(R)| e € SO(3) Vt, in which case it is trivial. Rossmann (2002)uses for a definition derivatives of smooth curve segments in SO(3) through the identity taken at the identity,

in which case it is harder1!
For a fixedA # 0, etA, —o0 < t < 00 is a one-parameter subgroupalong a geodesic in SO(3). That this gives a one-parameter subgroup follows directly from properties of the exponential méﬂ)?]
The exponential map provides adiffeomorphism between a neighborhood of the origin in theso(3) and a neighborhood of the identity in theSO(3).[12] For a proof, see Closed subgroup theorem

The exponential map is surjective. This follows from the fact that every R € SO(3), since every rotation leaves an axis fixed (Euler's rotation theorem), and is conjugate to a block diagonal matrix of

the form

cos§ —sinf O
D= | sinf cosf 0] = COL’a
0 0 1

such that A = BDB™L, and that

0L, p—1 __ _BOL,B!
Be"™: B = 7"

together with the fact thatso(3) is closed under theadjoint action of SO(3), meaning that BOL ZB_1 € so(3).
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Thus, e.g., it is easy to check the popular identity

e—Lo/2 GOLs gnlaz/2 oLy

=€

As shown above, every element A € s0(3) is associated with a vector @ = 0 u, where u = (X,y,2) is a unit magnitude vector. Since U is in the null space of A, if one now rotates to a new basis,

through some other orthogonal matrixO, with U as the Z axis, the final column and row of the rotation matrix in the new basis will be zero.

Thus, we know in advance from the formula for the exponential that eXp(OAOT) must leave u fixed. It is mathematically impossible to supply a straightforward formula for such a basis as a function
of U, because its existence would violate thehairy ball theorens but direct exponentiation is possible, andyields

0 —2 y
exp(@) =exp(d (u-L)) =exp| 0| 2 0 -z
-y z 0

I+2cs(u-L)+2s® (u-L)?
2(z2 —1)s* +1 2zys® — 2zcs 2z2s? + 2ycs
2zys? +2zcs  2(y* —1)s> +1 2yzs® —2zcs |,
2z2s% — 2ycs 2yzs® +2zcs  2(22 —1)s? +1

where ¢ = cos 9/2, s =sin 6/2. This is recognized as a matrix for a rotation around axigt by the angle 6: cf. Rodrigues' rotation formula

Logarithm map

GivenR € SO(3), let

R—RT
A=2""
2

denote the antisymmetric part.

Then, the logarithm ofA is given byl8]

oz B sin~! [|4]| A
ogR=——A.
[|All

This is manifest by inspection of the mixed symmetry form of Rodrigues' formula,

02 6
sin 6 sin- o
X+2—2X2a 0=||X||a

X _
et =TI+ P

where the first and last term on the right-hand side are symmetric.

Baker—Campbell-Hausdorff formula

Suppose X and Y in the Lie algebra are given. Their exponentials, exp(X) and exp(Y), are rotation matrices, which can be multiplied. Since the exponential map is a surjection, for some Z in the Lie
algebra, exp(Z) = exp(X) exp(Y), and one may tentatively write

Z=0(X,Y),
for C some expression inX and Y. When exp(X) and exp(Y) commute, thenZ = X + Y, mimicking the behavior of complex exponentiation.

The general case is given by the more elaboratBCH formula a series expansion of nested Lie bracketd13] For matrices, the Lie bracket is the same operation as theommutator, which monitors lack of

commutativity in multiplication. This general expansion unfolds as followidP 3]
Z= C(X7Y) =X+Y+ %[Xa}’] + 1_12[X: [X’Yq] - %[Ya [Xaﬂ] +ee
The infinite expansion in the BCH formula foiSO(3) reduces to a compact form,
Z = aX + Y +1[X,Y],
for suitable trigonometric function coeficients (@, 3, y).

The trigonometric coefficients

The (a, f3, y) are given by

sin"'d ¢

a=dpcot(¢/2)y, B=~0cot(0/2)7, = i85

where

c= % sin @sin ¢ — 2 sin® g sin? % cos(Z(u,v)), a=ccot(¢/2), b=-ccot(8/2),

d = ,/a% + b® + 2abcos(L(u,v)) + ¢ sin?(L(u,v)) ,
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1 1 .
0=—||X||, é=—|IYll, Z(u,v)=cos 1 .
V2 V2 XY

(X,Y)

The inner product is the Hilbert—Schmidt inner productand the norm is the associated norm. Under the hat-isomorphism,
1 T
{u,v) = 2 Tr XY,

which explains the factors for and @. This drops out in the expression for the angle.

It is worthwhile to write this composite rotation generator as
1 1 1
OlX+ﬂY+'Y[X’}’] 5E)X+Y+ E[XaY] + E[X1 [Xalf]] - E[Y’ [X’lf]] +eey
to emphasize that this is aLie algebra identity.

The above identity holds for all faithful representations of s0(3). The kernel of a Lie algebra homomorphism is an ideal, but s0(3), being simple, has no nontrivial ideals and all nontrivial

representations are hence faithful. It holds in particular in the doublet or spinor representation. The same explicit formula thus follows in a simpler way through Pauli matrices, cf. the 2x2 derivation for
SU(2).

The SU(2) case

The Pauli vector version of the same BCH formula is the somewhat simpler group composition law of SU(2),

¢id (@3) bl (5:3) _ exp(

¢ nd st ((i cob Bii+ i cot a'd) - & + ~[idh - 7, it - a]) ) ,
sin ¢/ 2
where
cosc = cosa' cosb’ — i - Dsina’ sinbd’,
the spherical law of cosines. (Note a', b' ,c' are angles, not the a,b,c above.)

This is manifestly of the same format as above,

Z=dX+BY+v[X,Y],

with
X=4dd-0, Y=ibbv-0 €su(2),
so that
¢ sind
o = — cosbd’
sind a
g ¢ sinl ,
=———"_ cosa
sincd YV

1 ¢ sind sind
o =

2sind ad 4

For uniform normalization of the generators in the Lie algebra involved, express the Pauli matrices in terms of-matrices, @ — 2i t, so that

6 ¢
d———= b= __.
2’ 2

To verify then these are the same coeficients as above, compute the ratios of the coeficients,

o 0 a
— =60cot — =—
v 2 ¥
i:qﬁcot2 =—.
Y 2 gl

Finally, y = y' given the identity d = sin 2c¢".

For the generaln X n case, one might use Refl14]

Infinitesimal rotations

The matrices in the Lie algebra are not themselves rotations; the skew-symmetric matrices are derivatives. An actual "flifential rotation", orinfinitesimal rotation matrixhas the form

I+Ads,
where df is vanishingly small andA € so(3).

These matrices do not satisfy all the same properties as ordinary finite rotation matrices under the usual treatment of infinitesimaf®] To understand what this means, one considers
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0 0
1 -df|.

1
dAy =10
0 d 1

First, test the orthogonality COHditiOI‘l,QTQ = I. The product is

1 0 0
dATdA, = |0 1+d&? 0o |,
0 0 1+ d¢?
differing from an identity matrix by second ordeinfinitesimals, discarded here. So, to first orderan infinitesimal rotation matrix is an orthogonal matrix.

Next, examine the square of the matrix,

1 0 0
dAZ2=10 1-d#* —2d6 |.
0 2d9 1-—d

Again discarding second order effects, note that the angle simply doubles. This hints at the most essential difference in behavior, which we can exhibit with the assistance of a second infinitesimal

rotation,
1 0 do
ddy=| 0 1 o|.
—d¢ 0 1

Compare the productsdAdiy to dAydAx,

1 0 dé
dAydAy = | d9d¢ 1 —db

| —d¢ do 1

T 1 dodé  do
dAydAy=| 0 1 —df|.
| —dp do 1

Since df d is second order; we discard it: thus, to first ordey multiplication of infinitesimal rotation matrices itommutative. In fact,
dAy dAy = dAy dA,,
again to first order In other words, the order in which infinitesimal ptations are applied is irrelevant.

This useful fact makes, for example, derivation of rigid body rotation relatively simple. But one must always be careful to distinguish (the first order treatment of) these infinitesimal rotation matrices
from both finite rotation matrices and from Lie algebra elements. When contrasting the behavior of finite rotation matrices in the BCH formula above with that of infinitesimal rotation matrices, where

all the commutator terms will be second order infinitesimals one finds a bona fide vector spacee@hnically, this dismissal of any second order terms amounts tdroup contraction

Realizations of rotations

We have seen that there are a variety of ways to represent rotations:

= as orthogonal matrices with determinant 1,

= by axis and rotation angle

= in quaternion algebra with versors and the map 3-sphere S3 — SO(3) (seequaternions and spatial rotationg
= in geometric algebraas a rotor

= as a sequence of three rotations about three fixed axes; se€&uler angles.

Spherical harmonics

See also Representations of SO(3)

The group SO(3) of three-dimensional Euclidean rotations has an infinite-dimensional representation on the Hilbert space
L*(8?*) =span {Y},le N, -I<m <1},
where ¥4 are spherical harmonics Its elements are square integrable complex-valued functior8° 4! on the sphere. The inner product on this space is given by

— 2r pm_
(#,9)= [, Faan= [ [ Fosinsasap. )
8 0 0

If f is an arbitrary square integrable function defined on the unit spherSZ, then it can be expressed a$!6]

oo m=l o0 m=l
=D TS, fO.0)=D D fin¥h(6,0), v
1=1 m=—1 =1 m=—1

where the expansion coeficients are given by
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(H3)

P 2 T__
_ (vl _ 1 _ 1 :
Jin = (Ym, f) = ./s.z Y fdQ = /0 /0 Y. (6, 9) £(8, @) sin 6d0dp.

The Lorentz group action restricts to that ofSO(3) and is expressed as
0o m=l m'=l ®
@R)NE@)e@) =Y, > DL (B fiwYn (0(R'2),0(R'z)), ReSOE), zecs.
1

=1 m=—Im'=—

This action is unitary meaning that
(H(R)f’ H(R)g) = (f, g) vf,g€ Sza VR e So(3) (Hs)

The D) can be obtained from the D™ ™ of above using Clebsch-Gordan decomposition but they are more easily directly expressed as an exponential of an odd-dimensional su(2)-representation
(the 3-dimensional one is exactly 50(3)).[17][18] In this case the space LZ(SZ) decomposes neatly into an infinite direct sum of irreducible odd finite-dimensionalrepresentatiors V; 4 1,1 =0, 1, ...
according 119

00 o)

2(Q2\ — 2i+1

L*(8%) = E Vainl = @ span{Y,,, } (H6)
=0 =0

This is characteristic of infinite-dimensional unitary representations of SO(3). If IT is an infinite-dimensional unitary representation on a separable™® ! Hilbert space, then it decomposes as a direct

sum of finite-dimensional unitary representationslle] Such a representation is thus never irreducible. All irreducible finite-dimensional representations (IT, V) can be made unitary by an appropriate

choice of inner product[le]

_ _ i 2t pm p2m .
(how= [ A®LI®g=o5 [ [ 7@, 1 sinddpdoas, 9V,

where the integral is the unique invariant integral oveSO(3) normalized to 1, here expressed using theEuler angles parametrization. The inner product inside the integral is any inner product o¥.

Generalizations

The rotation group generalizes quite naturally to n-dimensional Euclidean space R" with its standard Euclidean structure. The group of all proper and improper rotations in n dimensions is called the

orthogonal groupO(n), and the subgroup of proper rotations is called thepecial orthogonal groupSO(n), which is aLie group of dimensionn(n — 1)/2.

In special relativity, one works in a 4-dimensional vector space, known as Minkowski spacerather than 3-dimensional Euclidean space. Unlike Euclidean space, Minkowski space has an inner product
with an indefinite signature. However, one can still define generalized rotations which preserve this inner product. Such generalized rotations are known as Lorentz transformationsand the group of all
such transformations is called theL.orentz group.

The rotation group SO(3) can be described as a subgroup of E*(3), the Euclidean groupof direct isometriesof EuclideanR3. This larger group is the group of all motions of a rigid body: each of these is

a combination of a rotation about an arbitrary axis and a translation along the axis, or put défrently, a combination of an element of SO(3) and an arbitrary translation.

In general, the rotation group of an object is the symmetry group within the group of direct isometries; in other words, the intersection of the full symmetry group and the group of direct isometries. For

chiral objects it is the same as the full symmetry group.

See also
= Orthogonal group = Pin group
= Angular momentum = Quaternions and spatial rotations
= Coordinate rotations = Rigid body
= Charts on SO(3) = Spherical harmonics
= Euler angles = Plane of rotation
= Rodrigues' rotation formula = Lie group
= [nfinitesimal rotation = Pauli matrix
Remarks
1. This is affected by first applying a rotaliongw through ¢ about the z-axis to take the x-axis to the line L, the intersection between the planesxy and x"y’, the latter being the

rotated xy-plane. Then rotate withgy through 6 about L to obtain the newz-axis from the old one, and finally rotate byg(/, through an angley about the new z-axis, where y is the
angle between L and the new x-axis. In the equation,gg and gy are expressed in a temporaryrotated basis at each step, which is seen from their simple form. @ transform these

back to the original basis, observe thaigy :gwgegwfl. Here boldface means that the rotation is expressed in theriginal basis. Likewise,gw :gwgegw’1gtpgw[g¢gegw’lgw]’l.
Thus 88080 = 9p969e 9e9ul9s969p o] #9909y *p = 9p9e9y-
For an alternative derivation ofso(3), see Classical group

w N

For a full proof, seeDerivative of the exponential map Issues of convergence of this series to the correct element of the Lie algebra are here swept under the carpet. Convergenc
is guaranteed when||X]| + [|Y]| < log 2 and ||Z|| < log 2. The series may still converge even if these conditions aren't fulfilled. A solution always exists sin@p is onto in the
cases under consideration.

»

The elements ofLZ(SZ) are actually equivalence classes of functions. two functions are declared equivalent if they tf merely on a set ofmeasure zero. The integral is the
Lebesgue integral in order to obtain acomplete inner product space.

5. A Hilbert space is separable if and only if it has a countable basis. All separable Hilbert spaces are isomorphic.

Notes
1. Jacobson (2009), p. 34, Ex. 14. 4. These expressions were, in fact, seminal in the development of quantum mechanics
2. nxn real matrices are identical to linear transformations oR" expressed in its in the 1930s, cf. Ch lll, § 16, B.L. van der Waerden, 1932/1932
standard basis 5. Rossmann 2002p. 95.
3. Hall 2015 Proposition 1.17 6. Hall 2015 Proposition 3.24

7. Rossmann 2002
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https://en.wikipedia.org/wiki/Plane_of_rotation
https://en.wikipedia.org/wiki/Lie_group
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8. Engg 2001 14. Curtright, Fairlie & Zachos 2014Group elements of SU(2) are expressed in closed

9. Hall 2015 Example 3.27 form as finite polynomials of the Lie algebra generators, for all definite spin
representations of the rotation group.

15. (Goldstein, Poole & Safko 2002 §4.8)

16. Gelfand, Minlos & Shapiro 1963

17. In Quantum Mechanics — non-relativistic theoryby Landau and Lifshitzthe lowest
order D are calculated analytically

10. See Rossmann 2002 theorem 3, section 2.2.
11. Rossmann 2002 Section 1.1.

12. Hall 2003 Theorem 2.27.

13. Hall 2003, Ch. 3; Varadarajan 1984 §2.15

18. Curtright, Fairlie & Zachos 2014A formula for D® valid for all ¢ is given.
19. Hall 2003 Section 4.3.5.
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